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The kinetic Alfvén wave has been recognized as an important wave mode in magnetospheric
plasmas and laboratory plasmas, and has potential application in many areas of cosmic plasma
physics. The kinetic dispersion relation of this mode has been described including finite frequency
and finite ion gyroradius corrections. Laboratory plasmas as well as plasmas in space often contain
strong gradients perpendicular to the background magnetic field. In this case, the dispersion relation
must be generalized to include changes in the plasma parameters on each side of the gradient. In the
presence of such gradients, localized modes can be found in the plasma. Depending on the relative
values of the Alfvén speed and the plasma beta across these gradients, these modes can be trapped
within the cavity or enhancement or propagate across the gradient. © 2008 American Institute of

Physics. [DOI: 10.1063/1.2918742]

I. INTRODUCTION

Recent data from the FAST satellite has established that
kinetic Alfvén waves play an important role in auroral par-
ticle acceleration.'™ Polar observations® have shown that
these waves carry significant Poynting flux toward the au-
roral ionosphere and show signatures of electron accelera-
tion. These observations have confirmed theoretical work
that has suggested such a connection over many years.lo_12
More recent theoretical work'> % has given further details on
the wave-particle interactions of kinetic Alfvén waves
through test particle modeling as well as more self-consistent
theories including the feedback of the hot electrons on the
wave structure.

The importance of the kinetic Alfvén wave in space plas-
mas has led to laboratory investigations of the properties of
this mode, notably in the Large Plasma Device (LAPD) at
UCLA.? In this device, the structure of kinetic Alfvén waves
can be diagnosed and compared with the dispersion relation
for these waves.”** In the LAPD, the waves propagate in a
long plasma column, and investigations of the propagation of
waves in the presence of the perpendicular density gradients
inherent in this configuration have been performed by Maggs
and Morales.”® In particular, the transition between the ki-
netic and inertial limits of the kinetic Alfvén wave dispersion
relation has been investigated by Vincena et al”’

Density cavities on a variety of scales are well known in
the auroral acceleration region as well."?3! These density
cavities often occur above parallel electric field regions, with
the cold ionospheric plasma becoming depleted and only
warm plasma sheet plasma present. Thus, these cavities often
have a higher temperature than the surrounding medium. Re-
cently, Chaston et al.* have studied such a cavity in detail
and showed that it is associated with strong Alfvén wave
activity, which evidently heats ions and ejects them to higher
altitudes. These waves show the dispersion expected for ki-
netic Alfvén waves in the inertial regime, with their perpen-
dicular group velocity opposite in direction to the perpen-
dicular phase velocity.
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Some studies have investigated the propagation of
Alfvén waves in density cavities from a theory and modeling
point of view. Rankin et al.*** considered low-frequency
field line resonances and the self-consistent density cavities
that were produced by the ponderomotive force of the wave.
They considered the self-consistent evolution of low-
frequency field line resonances and the corresponding mode
structure including the perturbations in the density.
Drozdenko and Morales®® considered the propagation of a
large-scale Alfvén wave through a density cavity with a per-
pendicular scale of the electron inertial length. The polariza-
tion current of such a wave acted as an antenna radiating
Alfvén wave on the inertial scale. Génot ef al.*>® have de-
veloped an electromagnetic particle-in-cell code to investi-
gate the propagation of Alfvén waves through a density cav-
ity. They showed that the Alfvén wave quickly developed
small scales and parallel electric fields on the gradient
boundaries.

It is the purpose of this paper to investigate the proper-
ties of Alfvén waves in the presence of density cavities in
light of both laboratory and space experiments. We will be-
gin with a consideration of the dispersion relation of Alfvén
waves in a uniform plasma at finite frequency, which is im-
portant in the laboratory and possibly in space. Secondly, the
mode structure of Alfvén waves in a density cavity will be
considered. In contrast to previous work that considered the
self-consistent ~ evolution of  low-frequency  wave
structures,”>> we will assume that the density cavity is given
and consider waves with periods short compared to the time
scales on which the density evolves. It will be seen that
discrete modes of the kinetic Alfvén wave can exist in cavi-
ties that are larger than the dispersive scales in the plasma.

Il. KINETIC ALFVEN WAVE DISPERSION
AT FINITE FREQUENCY

The full kinetic Alfvén wave dispersion relation in a uni-
form plasma has been given in a number of works, in par-
ticular Lysak and Lotko,"” who wrote this dispersion relation
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in the low-frequency limit in terms of the dielectric tensor as

2
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where the dielectric tensor elements are
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where ,u,e,i:kzl pii, é=w/ka,, and I'y and Z are the modified
Bessel function and the plasma dispersion function, respec-
tively. This equation can be solved numerically and the dis-
persion relation written in the form,
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where pf=(Te/ T,»)p? is the ion acoustic gyroradius. In many
cases, Eq. (3) can be simplified by taking Vi<c2, Mm,—0,
and k{Ap<<1 so that it becomes

(w)z_ wi ke
kiVa _1—F0(,U~i) 1+ &2(8)

(4)

Alternatively, this dispersion relation can be written in the
form given by Gekelman et al.* including a finite frequency
correction,

<w,,e =Z'(9) 2 1-Tom) & )

where Z'(£)==2[1+£Z(§)] is the derivative of the dispersion
function. This form is exactly equivalent to Eq. (4) except for
the frequency term.

The finite frequency correction can be found from the
form given by Eq. (1) by noting that for the general Max-
wellian distribution function, the dielectric tensor element is
given by
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The last form follows if we expand the Z functions for large
argument, |w-nQ,|/ka;>1, which is valid for long-
wavelength waves in a relatively cold ion plasma as long as
the wave frequency is not too close to a harmonic of the ion
gyrofrequency. In this case, the function G can be written as

1

1 - ?/nQ;
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If the finite frequency term is neglected in all but the n=1
term, then G takes the form,

Phys. Plasmas 15, 062901 (2008)

(a) Q= 0.500

G(u,w)

(b) ©/Q= 0.900

o)}

e W

G(u,w)

—_

(=] \S]
O T T e R e

)
~
=N
o0
)

FIG. 1. Comparison of three forms for the ion gyroradius correction factor
G for (a) w/€,;=0.5 and (b) 0.9. In each panel, the solid line is the exact
expression (7) with 100 terms included, the dashed line is the approximation
given by Eq. (8), and the dotted line is the approximation given by Eq. (11).
It can be seen that while both approximations are reasonable, especially for
lower frequency, the expression (8) gives quantitatively better results.

=Ty | 20w W’/
wo1-a?QF

G, w/Q) = (®)

With this expression we can write Egs. (4) and (5), respec-
tively, as
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Equation (5) therefore implies
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Figure 1 shows the functional dependence of the different
forms of G represented by Egs. (7), (8), and (11) for w/();
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FIG. 2. Solutions to the dispersion relation as a function of frequency and perpendicular wave number for 7;=2T, and 8=2.0m,/m;. (a) Parallel phase velocity
normalized to Alfvén speed; (b) damping rate normalized to ion cyclotron frequency; (c) ratio of parallel to perpendicular electric fields, normalized by the
ratio of perpendicular to parallel wavelength; (d) ratio of perpendicular electric and magnetic field components normalized to Alfvén speed.

=0.5 and 0.9. It can be seen that these expressions are not too
different, but noticeable differences between Eq. (11) and the
full expression (7) occur, especially for higher frequency. In
the following, we will use the more accurate approximation
given by Eq. (8).

Figure 2 shows the solutions of Eq. (9) as a function of
frequency and perpendicular wave number for the case
where $=2.0m,/m;, which corresponds to Vi/a§=0.5. The
four plots in this figure show (a) the real parallel phase ve-
locity normalized to the Alfvén speed; (b) the damping rate;
(c) the ratio of the parallel to the perpendicular magnetic
field, normalized to the ratio of the perpendicular and paral-
lel wave numbers; and (d) the ratio of the perpendicular elec-
tric and magnetic fields, normalized to the Alfvén speed. It
can be seen that for larger perpendicular wave numbers, the
finite frequency correction is not too important, except for an
increase in the damping rate. However, for smaller &, the
finite frequency correction becomes important above about
w/Q;~0.2. Similar results (not shown) indicate that as the 3
is lowered, the region in which the finite frequency correc-
tion is important expands.

As a test of this approximate dispersion relation, Fig. 3
shows the corresponding figures resulting from a run of the
WHAMP code®® which solves the full 3 X 3 dispersion relation
including all harmonics. It can be seen that these figures
agree in the regions where WHAMP finds a solution; the
WHAMP code fails when the damping rate becomes too high.
Thus, it can be seen that for v <<0.9();, the approximate dis-
persion relation gives a reasonable result. In laboratory plas-
mas where w/{);~0.5, the finite frequency effect is clearly

important. In the auroral zone, the ion gyrofrequency is
about 100 Hz for protons at an altitude of 2 Rg and 30 Hz for
oxygen at an altitude of 1000 km, which is a typical oxygen
scale height. Alfvén waves trapped in the ionospheric Alfvén
resonator have frequencies up to about 1 Hz; thus, the finite
frequency correction is less significant for this situation, al-
though it may become important in cases where significant
amounts of oxygen are present at higher altitudes.

ll. ALFVEN CAVITY MODES IN TRANSVERSE
GRADIENTS

Next, consider the structure of Alfvén modes in a strong
gradient in density transverse to a background magnetic
field. The full kinetic description as described by Eq. (1) is
generally difficult to apply in the strongly inhomogeneous
case, however, and a fluid model is more applicable. To ac-
count for the cylindrical geometry of laboratory devices (and
noting that density perturbations in the auroral plasma may
also have a cylindrical topology), we will develop such a
model in cylindrical coordinates, and for simplicity, will as-
sume no azimuthal spatial dependence, i.e., m=0. In this
case, the shear and compressional modes decouple and we
can write the wave fields in terms of the radial electric field
E,, the azimuthal magnetic field B, and the parallel electric
field E.. Assuming a dependence of exp(ikjz—iwt) but leav-
ing the r dependence unspecified we can write Faraday’s law
as
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FIG. 3. Solutions from the full dispersion relation calculated using the WHAMP code. Panels (a)-(d) plot the same variables as in Fig. 2.
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The parallel current is assumed to be carried mainly by elec-
trons, and the parallel equation of motion can be written in
terms of the current as

. né? e .
—iwj,=—E.+ —ik/ép,. (13)
me me
We will assume isothermal electrons and take op,=T,dn,,
and using the continuity equation to eliminate dn, we can
write

) .kﬁTe . ne?
—iw+i Jj.=—E.. (14)

wm m,

e

If we now write Ampere’s law in cylindrical coordinates, we
have

j.=———(rB,). (15)
Then we can write

Kv2\1 9
Ezz—iw)\z(l - j);a—r(ﬂe@), (16)

where N>=m,/ ugne® is the square of the electron inertial
length and v?:Te/ m, is the electron thermal speed. Since
N2v2=V3pZ, where p; is the ion acoustic gyroradius defined
above, Eq. (17) can be written as

2v2
kiVa )lﬁ

10
- 2_Z7A 2 N 12_
EZ_—zw<)\ 2P rar(rB¢)——1a))\ r&r(rB‘p)’ (17)

where we have introduced the notation \'2=\?
—(kiV3/ @?)p?. If the full kinetic effects are included, the
expression for the parallel electric field can be found directly
from the dielectric tensor as given by Eq. (2). Noting that
gi=go(1+i0oy/ wey), we can write the kinetic analog of Eq.
(17) as

_ 2k||_VA>2 1 14
Ez—lwps< o l+§Z(§)r(9r(rB‘P)' (18)

This expression gives the terms in Eq. (17) in the cold and
hot plasma limits. Thus, we may redefine \’? above in order
to take the kinetic effects into account, although we will use
the two-fluid result (17) in the expressions below.

Next we need an equation for the perpendicular electric
field. In a cold plasma, this can be found through the expres-
sion for the polarization current,

1 1
j.= (- iwE,) = —(ikB,). (19)
Movfzx Ho e

This can be generalized to include the finite ion gyroradius
and finite gyrofrequency effects as in the first section of the
paper, noting that the polarization current is related to the € |
component of the dielectric tensor, implying that we can gen-
eralize Eq. (19) by writing
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jr= T i0E), (20)

MoV a

where G may take the forms described in Egs. (7), (8), and
(11), depending on the approximation employed. The diffi-
culty is that wu is written in terms of the perpendicular wave
number, which cannot be assumed to be fixed here. In this
case, we can expand the electric field in a Taylor series
around the guiding center position (see Appendix), which
leads to

. —iw 3. pf
Ir="—7 Tonl 1ty 2102
oVl — 0/Q5) 41 - w74Q;

Vi)E,. (21)

Assuming that the gyroradius correction is small, we can
rewrite Eq. (21) as

i Va1l — 02/Q?
E:llu‘O A( w 1) 1-
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An alternative approximation can be found by utilizing the
form (11) and employing the Padé approximation***' to
write

1-To(w) 1 1
7 Ltp 14K p]

(23)

In this case the operator in Eq. (22) can be written as (1
- pizAi)B(P. This form is a reasonable approximation to the
Bessel function for all arguments u; however, the expression
(22) is more accurate for small values of w. In any case, the
two forms can be reconciled by a small redefinition of the
thermal ion gyroradius p;. If we define the transverse Laplac-
ian operator in cylindrical geometry by using the relationship

(Vi) (1 = 0?/QF) — 1
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VZV=VV.-V-V X (VXV), (24)

then the radial polarization current can be written as
alla
202\ _ 2 .
(L=p{"V0)j,=Jr=pi E{;;(UQ] (25)

Here p; is just the ion gyroradius if the Padé approximation
(23) is assumed or the form given by the coefficient of the
Laplacian operator in Eq. (22) under the approximations
given there. Putting Eqgs. (12), (17), (19), and (25) together
we arrive at an equation for the magnetic perturbation,

d 10 V2 a1
—| N2==(B,) | - H-p*—| ——(B
&r{ r&r(r (p)} »? Pi or r(?r(r o
k2V12
+(L—f—1)3¢=0, (26)

where we have written V}?=V2(1-w?/?) to account for the
finite frequency correction.

Next, let us consider the structure of modes in a system
consisting of a piecewise constant density profile, with a
constant density n; for distances r<R and n, for r>R. We
will also assume that the electron and ion temperatures are
also piecewise constant and that the background magnetic
field is uniform throughout. Then the coefficients in Eq. (26)
are constant in each segment, and the equation can be written
as

{1 - )} Ve -1 5
arlrar "1 N = (GVH0H)p* ¢

1

0. (27)

This equation can be cast into Bessel’s equation

#B, 1B ( 1)
—f s ——24|K*-=|B =0, 28
ar? r or K )¢ (28)

where, writing out all terms explicitly, the quantity & is
given by

N = (V@) pl = (VA 0?) (Bp24) (1 — 0XQ)(1 - 0?1403

If we neglect the ion gyrofrequency correction and combine
the gyroradius terms, this can be more simply written as

212
kHVA—w2

=AY
w’\? - kﬁVipz

(30)

2_ 2 2 . . .
where p“=p;+p’;. This expression just represents the per-
pendicular wave number in the dispersion relation for kinetic
Alfvén waves in the two-fluid approximation,
1+ k°p?
2 _ 1212
o =kVi——. 31

VAT 4 2N2 (31)
The condition «*>>0, indicating a propagating wave, corre-
sponds to the limits

(29)
[
2 2 2
p—2< ;02<1 forp—2<1
NV \
2 2 2
2 p
or 5>—=—=>1 for5>1, (32)
\ Vi N

where the left inequality occurs in the cold plasma limit (8
<m,/m;) and the right side corresponds to the warm plasma
limit (8>m,/m;). Since the electron thermal speed v’
=T,/m, can be written as v,=V,p,/\, these inequalities in-
dicate that in both regions the waves propagate for parallel
phase velocities between the Alfvén speed and the electron
thermal speed when the ion gyroradius correction is ne-

glected. Including this correction, the square of the electron
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thermal speed should be multiplied by (1+p;?/p?).

Solutions to Eq. (28) are of the form AJ,(«r)+BY (kr)
for k>>0, corresponding to propagating solutions and
CI,(kr)+DK,(xr) in the evanescent case, k> <0. In this case
we write k= \3”|K2|. We apply the usual requirements that for
the inner region, B=D=0 so that the solution is regular at the
origin and in the outer region, C=0 in the evanescent case to
prevent an infinite solution as r— . The solutions across the
boundary must satisfy the boundary conditions that AB,=0
and AE,=0. By Eq. (17) this implies that the second bound-
ary condition can be written as

14 14
N2=—(rB,) = N2=—(rBy,). 33
1 ro'?r(r (pl) 2 r(?r(r ¢2) (33)

To be more specific, let us assume that the inner region
(called region 1) is a density cavity so that the Alfvén speed
is higher in the inner region than in the outer region (region
2), so that V,;>V,,. So, considering the case where the
wave is propagating in region 1 and evanescent in region 2
we have

B¢1=AJ1(K17'), B¢2=DK1(K27'). (34)

The equality of these two quantities implies D/A
=J,(k;R)/K,(13R). Applying the boundary condition (33),
we use the identity Jj(x)+J;(x)/x=Jy(x) to write

K'l)\izAJ()(KlR) = K2)\52DK0(K2R). (35)
Combining these two boundary conditions gives
KINPTo(KIR)K (1) = kN3 (s R)Ko(1,R) = 0. (36)

This equation must be solved as an eigenvalue problem for
the parallel phase velocity V=w/kj, which is implicit in Eq.
(36) through the definitions of \'? following Eq. (17) and «
in Eq. (29) or the simplified version Eq. (30).

On the other hand, if the wave can propagate outside the
inner region, the boundary conditions become

AJI(KLR) = CJI(KzR) + DYI(KzR) (37)
and
KN ATo(KiR) = koM [Co(kaR) + DY o(1,R)]. (38)

Other than the overall normalization given by A, these two
equations can be solved for C and D for any values of the
coefficients. Thus, in this region there are a continuum of
possible wave modes.

There are a number of possible combinations of param-
eters that give different combinations of propagating and
evanescent modes based on the relative values of V,, Vy,,
V.1, and v,,. (Remember that these parameters can be gener-
alized to include finite frequency and ion gyroradius effects
as indicated above.) Some examples of these combinations
are shown in Fig. 4. In each panel of this figure, the dark line
represents the Alfvén speed profile and the lighter line is the
profile of the electron thermal speed. The left-hand side of
each panel represents a cavity region (higher Alfvén speed)
while the right-hand side is a region of enhanced density
(low Alfvén speed). The dispersion relation given by Eq.
(31) indicates that parallel phase velocities near the Alfvén

Phys. Plasmas 15, 062901 (2008)

FIG. 4. Schematic diagrams of propagation regions for various types of
interfaces. In each panel, the heavy solid line represents the Alfvén speed,
and the lighter solid line represents the effective electron thermal velocity.
Gray shaded areas indicate phase velocities in a continuum region that can
propagate on both sides of the interface. Dashed lines indicate regions where
discrete modes are possible. (a) Cold plasma on both sides of the interface
(cf. Chaston e al., Ref. 4). (b) Warm cavity in contact with a cold, dense
region. (c) Cold cavity in contact with warmer dense region (cf. Vincena et
al., Ref. 27). (d) Cold cavity in contact with warm dense region, with pa-
rameters relevant to the lobe/plasma sheet interface.

speed correspond to low perpendicular wavenumber, while
the parallel phase velocity approaches the electron thermal
speed for large perpendicular wavenumber. The gray-shaded
region indicates phase velocities for which propagation is
possible on both sides of the interface and thus a continuum
of states is possible, while dashed lines indicate regions in
which discrete modes should be found. It should be empha-
sized that these diagrams qualitatively describe systems in a
slab geometry as well as for the cylindrical geometry dis-
cussed quantitatively above. Cases illustrated in this figure
are as follows:

1. Figure 4(a) shows a system in which v,,<v,; <V4,
<Vy;. In this case, the plasma is cold on both sides of the
interface. Long perpendicular wavelength modes in the cav-
ity cannot penetrate outside; however, shorter wavelength
modes can. In contrast, the shorter perpendicular wavelength
modes outside the cavity cannot go in. This scenario is rep-
resentative of the results found by Chaston et al.,4 which
show that the waves primarily trapped in the cavity.

2. Figure 4(b) shows the case where v,, <V, <Vjy
<uv,, or a hot cavity surrounded by a cold denser region. In
this situation, the allowable regions of parallel phase velocity
are distinct on the two sides of the interface, and so no
modes can propagate across the boundary. This situation may
be realized at higher altitudes in the auroral zone where the
hot plasma in the cavity has a thermal speed greater than the
Alfvén speed.

3. Figure 4(c) illustrates a case with v,; <V, <v,,
<Vy;. This diagram would apply for the parameters of the
LAPD experiment given by Vincena et al.”” with side 2 be-
ing in the central part of the device while side 1 is on the
outside. For this structure, all of the kinetic Alfvén waves
excited in region 2 are able to propagate into region 1, mak-
ing this structure optimal for the purposes of Vincena et al. 7
who were investigating the propagation of the Alfvén wave
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FIG. 5. Mode structures of the four discrete modes found in a plasma cavity with a sharp boundary at a radius of 15\, with V1 =2V,,, N;=2\,, pg=p;
=0.2\,, and p;,=p;;=0.1\,, where the 1 and 2 subscripts correspond to inside and outside the cavity, respectively. In each panel, the solid curve gives B,,, the
dotted curve E,, the dashed curve E_, and the dashed-dotted curve j.. The four panels give modes with parallel phase velocities of (a) 1.851, (b) 1.577, (c)
1.306, and (d) 1.092 of the outside Alfvén velocity. Discrete modes should occur between 1 and 2V, according to the arguments given in the text.

from the kinetic to the inertial regime. In this configuration,
waves generated near the Alfvén speed in region 1 would not
be able to penetrate into the central region of the plasma.

4. Figure 4(d) shows a case where V4, <v,; <0, <V,
i.e., a cold cavity surrounded by a hotter plasma. In a slab
geometry, this case could correspond to the lobe/plasma
sheet interface in the magnetotail. In this case, discrete
modes are found at long perpendicular wavelength on both
sides of the interface, while shorter perpendicular wave-
length waves can propagate across the boundary.

The cases shown are not all-inclusive; however, these
illustrate the qualitative behavior that is possible.

Finally, let us consider the structure of these modes.
Consider the case shown in Fig. 4(a), corresponding to the
auroral zone data of Chaston et al.* Estimating the param-
eters for this case, the density in the cavity is about a factor
of 4 below the outside region; thus the Alfvén speed in the
cavity is about twice that outside. Since in this plasma the
magnetic field is roughly constant, the inertial length inside
is also twice that outside. While the temperature is difficult
to measure, the plasma is cold on both sides, in the sense that
the electron thermal velocity is less than the Alfvén speed.
We will take the ion acoustic gyroradius to be 0.1 times the
electron thermal speed in the outside region, and twice as
large in the cavity. We also assume that the ion gyroradius
term is equal to the ion acoustic gyroradius. Under these
assumptions, there should be discrete modes with phase ve-
locities between 1 and 2 times the outside Alfvén speed, and
a continuum of modes between the outside Alfvén speed and

0.28 times that value. As in the discussion leading to Egs.
(36)—(38), we assume that the boundary between the two
regions is a sharp discontinuity at a radius of 15 times the
inertial length in the external region. Figures 5 and 6 show
this situation. These figures show the wave magnetic field,
field-aligned current, and the radial and parallel components
of the electric field. In each panel of these figures, the solid
curves are the magnetic field, the dashed-dotted curve is the
field-aligned current, the dotted curve is the perpendicular
field, and the dashed curve is the parallel electric field.

Figure 5 shows that four modes can be found in the
appropriate phase velocity range, with the appropriate mode
structure as the phase velocity is decreased. The magnetic
field and the parallel electric field are continuous at the in-
terface as required by Maxwell’s equations, while the field-
aligned current and perpendicular electric field show discon-
tinuities. The scales of the fields are arbitrary, with a
normalization of A=1 in the expressions given by Egs. (34)
and (37). The magnetic field has 1, 2, 3, and 4 nodes in each
successive mode (including the node at 0), as would be ex-
pected. Figure 6 shows four examples of waves in the con-
tinuum region for arbitrary phase velocities in this region.
The increase of the wavelength in the outside region can be
clearly seen in these figures. In addition, the B, and E, com-
ponents can be seen to be 90° out of phase, indicating a
standing wave. The relative amplitude of the wave outside
the cavity is largest closer to the cutoff, and becomes smaller
for smaller phase velocities.
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/A,
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FIG. 6. Mode structure of four representative continuum modes for the same plasma parameters as in Fig. 5. The theory given in the text predicts a continuum
band from 0.28 to 1 times of outside Alfvén speed. Plots are shown for modes with phase velocities of (a) 0.9, (b) 0.8, (c) 0.7, and (d) 0.6 of the outside Alfvén

speed.

IV. CONCLUSIONS

These results illustrate the structure of the kinetic Alfvén
wave dispersion relation in the presence of perpendicular
gradients in the Alfvén speed and the effective electron ther-
mal speed. Such interfaces are intrinsic to laboratory pro-
duced plasmas and are also ubiquitous in space plasmas. The
kinetic Alfvén wave dispersion relation can be generalized to
finite frequency and finite ion gyroradius effects by including
corrections to the Alfvén speed, the electron inertial length
and the ion gyroradius based on kinetic theory. These con-
siderations give a basis for the two-fluid model frequently
used based on the full kinetic dispersion relation. It is impor-
tant to note that the formulation of the kinetic dispersion
relation given by Lysak and Lotko" and that given by Gekel-
man et al.** are in fact equivalent, and either may be used as
is convenient for the specific application.

Being able to write the dispersion relation in a two-fluid
form facilitates the generalization of the dispersion relation
to inhomogeneous plasmas. Kinetic Alfvén waves propagate
with parallel phase velocities between the Alfvén speed and
the effective electron thermal speed, regardless of which of
these speeds is larger. This consideration allows the use of
relatively simple diagrams as in Fig. 4 in order to qualita-
tively determine the nature of Alfvén wave solutions on ei-
ther side of an interface. Such diagrams may be useful in the
interpretation of lab and space observations when measured
parameters can be used to determine the relevant speeds on
either side of the interface. While the work presented here
considered a sharp interface between two uniform plasma

regions, future work will generalize this model to smooth
transitions between regions with different plasma character-
istics.

While the existence of discrete Alfvén wave modes in an
inhomogeneous plasma is an important result, equally impor-
tant is the evolution of Alfvén waves in inhomogeneous sys-
tems in time. Such a study using fluid simulations will be the
focus of future work. This type of study can also consider the
effect of parallel gradients in the Alfvén speed, which is
particularly important in the context of the Earth’s auroral
zone, where such gradients lead to the so-called ionospheric
Alfvén resonator.*** Understanding the dynamics of Alfvén
waves in such plasmas with inhomogeneities in all possible
direction will be a strong step forward in the understanding
of magnetosphere-ionosphere coupling in the Earth’s mag-
netosphere as well as in laboratory plasmas and other cosmic
plasma situations, such as Jupiter’s magnetosphere and the
solar corona.
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APPENDIX: FINITE ION GYRORADIUS CORRECTIONS
TO POLARIZATION CURRENT

We wish to find an expression for the polarization cur-
rent which does not depend on the assumption of a given
perpendicular wave number. As in the rest of the paper, we
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will assume that the electric field is in the xz-plane and that
the magnetic perturbation is in the y-direction. We will
choose standard phase space variables for the plasma, in
which the canonical coordinates are given by q=(z,¢,Y) and
the corresponding momenta are p=(p,,p,.qBX) where p,
=mvi/ZQ and the spatial coordinates are related to the ca-
nonical variables by

x=X-(v,/Q)cos o, y=Y+ (v, /Q)sin ¢,
(AD)

v,=v, sing, Uv,=vV, COS Q.

y

As usual, the parallel velocity is constant and thus the z
coordinate changes linearly in time. In this case, the
x-component of the current can be written as

8j, = (x,1)
=ne f d*qd®pdx —x(q,p)Jv, sin ¢df(q,p.1). (A2)

We can solve the Vlasov equation in the usual manner as-
suming the perturbation is turned on at =0 to find

q (' af,
5f(q,p,t)=——f dt’[(ﬁE;—vﬁB(v)—?
mJy 7 v

X

' ’ ’ ﬂfO
+ (6. + vxéBy)E} (A3)

z

In this expression, the primed variables are evaluated at the
past time. For example, we can write

SE. = SE[x(1'),z(¢"),t']. (A4)

If we then assume a long parallel wavelength so that the z
variations of the fields can be neglected, which is appropriate
for the ions since the Alfvén speed is much greater than the
ion thermal speed in a low-8 plasma, and we note that the
terms involving v, and df,/ dv, will vanish upon the integra-
tion in Eq. (A2) over p,. The only term that will survive in
Eq. (A3) is the first term involving JE., then Eq. (A3) be-
comes

1
d
SFQ.p.1) = — % f dt' SE [x(¢'),1']sin d—ﬁ{ 0 (AS)
0

1

where we have set ¢’ =¢—Q 7, with 7=¢t—1¢". Then using the
delta functions to simplify the integral, Eq. (A2) becomes

Holv1.v)

2
. ne .

Fjlx,t) == — f dedv,v  dv v, sin ¢

m 1

t
X f di' SE[X - (v, /Q)cos ¢’,t']sin ¢'. (A6)

0

Here we have switched from considering f as being the
phase space density in momentum space to it being the den-
sity in velocity space. In addition, we have written the de-
pendence of the electric field out explicitly.

Next we expand the electric field about the guiding cen-
ter position X,

Phys. Plasmas 15, 062901 (2008)

v, ISE, v, ,30E,

OE (x')=SE (X) — — cos ¢’ + ——= cos~ ¢’ ,

W(x") (X) q ¢ oy toop ¢
(A7)

where again x’ represents the position at time ¢’. However,

we would really like to express this in terms of the present

position x. To do this we expand SE,(X) about the position x,
2

J6E, v, P OE,

+ —= cos .
ox 202 ¢ ax?

SE(X) = O, (x) + % cos ¢ (A8)

Doing a similar expansion for the derivative terms, we find
that
JdSE

X
ox

OE (x") = SE,(x) + %(cos @©—cos @)

2
vy ,,POE,
+ ——5(COS @ — COS .
292( ¢ ¢') e’

(A9)

Using a Maxwellian for the distribution function, Eq. (A6)
can then be written as

) 2ne* 2 22 ! ,
0j,= 1| vidv,e™t dt
0

mma 0

2
X 5Ex(x,t’)f de sin ¢ sin ¢’
0

N ,

= d sin @ sin ¢’ (cos ¢ — cos ¢')
Q ax 0

L SB[ in ' (cos
207w’ 0

—cos ') . (A10)

Here we write sin ¢’ =sin(@—Q7)=sin ¢ cos Q7
—cos ¢ sin Q)7 and similarly for cos ¢’. Using these expres-
sions, the angular integrals in Eq. (A10) can be done, which
results in the first derivative term vanishing (since there are
an odd number of trig functions in each integral). This leads
to

2 [ '
8 (x,1) = %f vidvie‘vi/azf dz’{Z&Ex(x,t’)cos Qr
1 POE
+%&—2X(cos Q71— cos ZQT)]. (A11)
X

Now we can take the inverse Laplace transform (written in
terms of frequency) in order to perform the integral over past
times in the usual manner by assuming a vanishing small
positive imaginary part to the frequency,

Sj(w) = f . dte' 8j (). (A12)
0

Then, for example, the first term in the brackets of Eq. (A11)
can be evaluated by switching the order of the f and ¢’ inte-
grations, leading to terms of the form,
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© t
J dtf dt' "' SE (t")cos Q(t —1')
0 0

* * 1 . . ’ . !
:f dt’(SEx(t/)f dtaelwt[etﬂ(t—t )+ e—lQ(I—t )]
t!

0
* i 1 1
=| di'SE(t')= ”‘”( ——)
fo x )26 v+ w-0
iw
= JOE —. Al3
(o) (A13)

Similarly, the cos 2Q)7 term will give an expression with a
denominator of w?—4€?. Putting these together and perform-
ing the velocity integrals in Eq. (A11) leads to the result

. ione’ 1
5.]x(x’ w) = Qz 1 _ w2/92 5Ex(0))
. 2{ 1 1 ] P OF,
P T — o202 ™ 41 - w402 | o |

(A14)

where pizzaz/ 2Q)? is the thermal ion gyroradius. This can be
conveniently rewritten in the form,

—iw
8j(x,w) = ———————| SE.(x,
]x('x (l)) Mov‘i(l _ w2/92)|: (x (J))
3p? P SE
L X Al5
+4(1—w2/492) o> } (AL5)

This expression is quoted above as Eq. (21).
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